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Abstract

We try to fit finite mixtures of exponential distributions to data for the transfer size (in bytes) of
documents returned to requesting clients from the World —Wide—Web using Libyan Internet proxy server.
We use two algorithms to fit a finite mixture of exponential distributions directly to the data. In this case,
we use the three-moment matching algorithm [12] to fit a mixture of two exponential distributions to the
first three moments obtained from the data, and we use the recursive fitting algorithm [4] to fit a finite

mixture of exponential distributions to the empirical ccd f obtained from the data.
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1. Introduction

When a population is composed of several distinct
subpopulations, the distribution of a variable
defined on this population is a finite mixture
distribution. Mixture distributions have received
increasing attention in the statistical literature
mostly because of the considerable number of
areas in which such distributions are encountered.
An important example is fisheries length-
frequency analysis, where a fish population is a
mixture of distinct age groups. Other examples for
fitting mixture distributions come from medical
research, biology and sedimentology (e.g.,
Macdonald [7], Everitt and Hand [3], Titterington,
Smith and Makov [10]).

The statistical analysis of data from a population
that has a finite mixture distribution has proven
not to be straightforward. In particular, there is no
generally simple formula for estimating the
unknown parameters since this is often a
nonlinear estimation problem. This and other
problems that occurred with mixture distributions
have been studied by many researchers mostly in
the area of finite mixtures of normal distributions,
but there are also some references on direct

In particular, there are three important studies on
mixture distributions presented by Everitt and
Hand [3], Titterington, Smith and Makov [10], and
McLachlan and Basford [8]. There are also review
articles on mixture distributions by Holgersson and
Jorner [6], Gupta and Huang [5], and Redner and
Walker [9].

This paper focus on fitting finite mixtures of
exponential distributions to data for the transfer
size (in bytes) of documents returned to requesting
clients from the World —Wide—Web using Libyan
Internet proxy server.

2. Material and Methods

A-The Three-moment Matching
Algorithm

Whitt [12] showed that there is an H distribution

(a mixture of two exponential distributions) with
the same fi4, fi; andfiz, the first three moments

of the data, if and only ifiy = 0, pou7” = 2

andigiy = 1543, If pg is small, it can be

z

applications  of the mixtures of gamma, replaced by something slightly larger than=tZ.
exponential,  beta, binomial or  poisson Hy
distributions (Titterington, Smith and Makov
[10]).
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In other words, given the first three moments
Ly, K> and Wy which satisfy the previous

conditions, there is an H, distribution with the
same first three moments. The Hy parameters
Ay A5, P4 and p; can be obtained by

At =[x+ 1552+ 3ud) £

J G+ 1552 + 3p5y)% — 12“52‘:}?] (6:-_3’) =

0
S (1)
P, = (Z5) 20 @
And
p, =1—p; =0 3
Where

i=12,x=pu; — 1.5|,L§,3,r = U, —
2u3
andx, ¥ = 0 see Whitt [11] and Abate and

Whitt [1].

B-The Recursive Fitting Algorithm
[4]

The algorithm as follows: first choose
r, the number of exponential

components, and ¢; arguments where

we will match quintiles such that
0<c.<c._y < <c,. We choose a

i

constant b such that 1 < b < for

o+l

i =1, ..,7. Then the approximate and

values of the parameters A, and p; obtained by letting

pye et = Fy, (¢1) and pye b = Fy, (bey) are

_ 1 Fﬁ‘_ I:c'—}
Ay = .:b_ﬂc,_ln [Fﬁ,_-ibc._}] )
p, = F5, (c})eh: ©

and for 2 = i =I7 the approximate values of the
parameters A; and p; obtained by letting

p.e o = F§ (c;) and p.e HPe = Fg.(be;) are

Ff. 0 i
n =i ] (6)

Fﬁl.':bc[:'

A=—"

P (a1l

p; = Fg, (c)e’e @)
Finally, the approximate value of the parameter p,. is
P, =1-ZXilp; ®)
and the approximate value of the parameter A,. obtained by

letting p,.e " °r = Fg (c,.)is

A.==In [Fﬁ?’ ] 9)
where Ff (1) = Ff(u) andfor2 < i <,
FS, (W) = Fg,_, (W) - EiZipre™* (10)

3. Software

All calculations were performed with software developed
by me.
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4. Data and Results
We consider a random sample of size 2277 from

the transfer size (in bytes) of documents returned
to requesting clients from the World —~Wide-Web
using the Libyan Internet proxy server, the data
was collected in 7 days between November 1 and
December 28 in 2017, for which we try to fit a
finite mixture of exponential distribution. Firstly,

we consider fitting an H; distribution to the data

using the three-moment matching algorithm. The
parameters of the fitted H, distribution are

p, = 0.0003, p, = 0.9997,
Ay =2756%1077 and A, = 1.4 X 107%,

Plot (a) in Figure 1 shows that the approximating
H, ccdf fit poorly to the empirical ccdf of the

data. Figure 2 (a) and (b) shows that the fitted H,

distribution had very large absolute and relative
errors. Moreover, using the Cramer-Von Mises
goodness-of-fit modified test we reject the
hypothesis Hy: X~H, at the 0.1 significance

level,
since.

(CM—24+2D)(1+3) = 12.0463 >
0.347

Secondly, we consider fitting an H distribution

(a mixture of 4 exponential distributions) to the
empirical ccedf of the data using the recursive

fitting algorithm. The parameters of the fitted H,

distribution are given in Table 1.
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Plot (b) Figure 1 shows that the approximating H ccdf

also fit poorly to the empirical ccdf of the data. Figure 2
(c) and (d) show also that the fitted H. distribution had

very large absolute and relative errors. Table 2 shows that
the first three moments of the H, distribution are not very

close to the first three moments of the data. Moreover,
using the Cramér-Von Mises goodness-of-fit modified test

we reject the hypothesis Hy: X~H, at the 0.1

significance level, since .
(CM—2+2)(1+3) =3.2348 >

0.347

Thus a new fit with more exponential components should
be considered to approximate the distribution of this data
(a transfer size data). However, it was impossible to fit
more than 4 exponential components directly to the data

because the range of the empirical ccdf is limited.

o oy

ccdf

Figure 1: Comparison between the of the data with two finite
mixtures of exponential distributions, in plot (a) using the three moment

matching algorithm for the fit, plot (b) using the recursive fitting
Hy

algorithm for the with

c, = 10° c, = 10°

and
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Figure 2: A comparison between the absolute and
relative errors of two fitted mixtures of exponential
distributions to the data, in plot (a) and (b) using the
three-moment matching
H;
algorithm for the fit, plot (c) and (b) using the
Hy
recursive fitting algorithm for the fit with
c, = 10° c, = 10°

and

H,
Table 1:Parameters of the  fit to the
transfer size data.

i| P 4

0,360 % 10°° | 9.508 x 10°°F

2 | 03017 8.657x 107
-3
3 | 0.2507 1172x10
=3
4 | 04202 3.608 % 10
Table 2: Moments of the data sample and the
Hy
fitted  distribution.
Moment | Data H,
Distribution

B.24x 10° | 8.864 % 10°

B.07E 107 | 3.75x 10°

B.68x 10 | 6,673 x 10%°

5. Conclusion

Applying both algorithms directly to the data
indicates that both of them give poor mixtures of
exponential distributions fits, whereas the second
algorithm gives a better fit to the data if we first fit a
heavy tail distribution to data and then apply the
second algorithm to the fitted heavy tail distribution
(Ewhida [2]). Therefore, depending on the

application, either algorithm may be preferable.
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